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WEAK SECOND BIANCHI IDENTITY
FOR SPACETIMES WITH TIMELIKE SINGULARITIES
ANNEGRET Y. BURTSCHER, MICHAEL K.-H. KIESSLING, AND A. SHADI TAHVILDAR-ZADEH
Abstract. It is well-known that the twice-contracted second Bianchi identity is automatically
satisfied for smooth Lorentzian manifolds. If their metric solves the Einstein equations with
(in this case inevitably smooth) energy-momentum-stress tensor of a “matter field” as source of
spacetime curvature, this identity implies the physical laws of energy and momentum conser-
vation for the “matter field”. The present work inquires into whether such a Bianchi identity
can still hold in a weak sense for spacetimes with curvature singularities associated with time-
like singularities in the “matter field”. A distributional version of the twice-contracted second
Bianchi identity is established. As a first application, a large class of spherically symmetric
static Lorentzian metrics with timelike one-dimensional singularities is identified, for which this
identity holds. The well-known Reissner–Weyl–Nordstro¨m spacetime of a point charge does not
belong to this class, but Hoffmann’s spacetime of a point charge in the Born–Infeld electromag-
netic vacuum does. A necessary condition for the weak identity to hold is the local integrability
of the energy-momentum density of the field of a point charge over any of its neighborhoods,
which is fulfilled by a large family of electromagnetic vacuum laws.
1. Introduction and Main Results
1.1. Motivation. Einstein’s equations for the spacetime metric1 g = (gµν) of a 3+1-dimensional
Lorentzian manifold (M,g) read
R− 1
2
Rg =
8πG
c4
T[F]; (1.1)
here, R = (Rµν) denotes the Ricci curvature tensor of the metric g, R = g
µνRµν is its scalar
curvature, G is Newton’s constant of universal gravitation, and c is the speed of light in vacuum.
Moreover, T = (Tµν) is the energy-momentum-stress tensor of any “matter field” F in (or associ-
ated with) the spacetime. This hybrid terminology combining “matter” and “field” is commonly
used in the general relativity community, covering models of continuum fluids, elastic solids, etc.,
as well as the electromagnetic field.
For any sufficiently regular Lorentzian metric (classically, g ∈ C3), the (twice-contracted) second
Bianchi identity
∇µ
(
Rµν − 1
2
Rgµν
)
= 0 (1.2)
holds; here, ∇ denotes the covariant derivative associated with g. As a consequence, for any
solution (g,F) of (1.1) which is regular enough so that this equation, as well as the equation
obtained by differentiating both sides of (1.1), is satisfied pointwise, the identity (1.2) implies the
matter field’s local conservation laws of energy-momentum
∇µT µν = 0. (1.3)
If F represents a perfect fluid with barotropic equation of state, then for sufficiently regular
solutions (e.g., prior to any shock formation)(1.3) also determines the fluid evolution. On the
other hand, if F represents a source-free electromagnetic field, then (1.3) does not determine its
evolution; its evolution equations need to be postulated separately.
In a series of papers, [12, 13], Einstein and Infeld, originally joined by Hoffmann, claimed
that the field equations of general relativity theory, (1.1), actually determine the equations of
1The signature of a Lorentzian metric g is (−,+,+,+). Greek indices µ, ν etc. denote the components 0, 1, 2, 3
of a tensor defined on the spacetime, with respect to a local coordinate system (yµ)3µ=0; however, Cartesian
coordinates are denoted (xµ)3µ=0. The coordinate vector fields are written ∂µ =
∂
∂yµ
. We use the Einstein
summation convention. To facilitate discerning the physical meaning of our results, we retain G and c.
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motion of matter modeled atomistically as made of point particles, which they represented as
point singularities in spacelike slices of a spacetime. Note that unlike the usual textbook story
of uncharged “test particle” motion along a timelike geodesic of a spacetime, which is defined
independently of the particle’s existence in it, the world line of the particle is a timelike one-
dimensional singularity in the Einstein-Infeld-Hoffmann (EIH) setup. Hence the particle worldline
is interpreted as an interior boundary of the spacetime, which needs to be determined along with
the spacetime.
The idea of identifying the worldlines of matter particles with one-dimensional timelike singu-
larities of spacetime seems to go back to Weyl [28]. Already in Weyl’s writing, it is clear that such
singularities need to be excised, i.e., they themselves are not part of the spacetime.2
The claim of EIH was subsequently generalized to charged timelike one-dimensional singularities
of spacetime by Infeld’s student Wallace [27].
Although non-rigorous and full of questionable assumptions, and with conclusions which can-
not possibly be true in the sweeping generality in which they were stated, the EIH papers, and
Wallace’s, have become the template for many formal follow-up calculations (for a survey see, e.g.,
[24]), in particular the computation of gravitational wave signals and their feedback on the motion
of the sources (binary neutron stars or black holes) used for the interpretation of the LIGO and
VIRGO gravitational wave data [3].
A rigorous implementation of the EIH program would require one to consistently formulate an
at least locally well-posed joint evolution problem for spacelike slices of a spacetime, the electro-
magnetic field defined on these slices, and the point singularities (in the spatial curvature tensor)
that represent the sources and sinks of that field. If this program can be consistently imple-
mented, it produces spacetimes with one-dimensional timelike curvature singularities that have
the appearance of worldlines of charged point particles, which are the sources and sinks of the
electromagnetic fields living in this spacetime. Certainly the conservation of energy-momentum
should still hold in this case, but (1.3) can no longer be interpreted in a pointwise sense.
Suppose, now, that such a spacetime with timelike one-dimensional singularities can be con-
tinuously extended into the location of these singularities. In such a situation it is meaningful to
express the energy-momentum-stress tensor T as a sum of a regular and a singular part,
T = Tr +Ts, (1.4)
with Tr sufficiently regular away from the worldlines of the point-charges, and Ts supported only
on these worldlines as a measure. If (1.3) holds in the sense of distributions, it then follows that
∇ ·Ts = −∇ ·Tr (1.5)
in the sense of distributions. Using the techniques developed in[19,20], (1.5) allows one to identify
the total force on a singularity needed to formulate its classical equation of motion.
The key question is thus: “When does the second Bianchi identity (1.2) hold in a weak sense?”,
i.e., under which conditions on the metric of the spacetime does the identity∫
R4
(
Rµν − 1
2
Rgµν
)
∇µψν d volg = 0 (1.6)
hold for all smooth, compactly supported vector fields ψ defined on the spacetime?
Two timelike singularities in a given spacetime can be vastly different in terms of strength. For
example, a curvature invariant may blow up at two very different rates for them. A complete
classification of singularities of solutions of Einstein’s equations seems currently out of reach.
Therefore, the key question raised above, in all its generality, is too big of a challenge, even
though its answer remains the goal.
A reasonable strategy is to begin with special families of spacetimes, incrementally becoming
more general. There are many explicit solutions of Einstein’s equations where the causal structure
is simple enough that everything can be worked out explicitly and the singular behavior can be
fully analyzed. These model cases can give us clues as to what are sufficient conditions for a
spacetime singularity to represent the worldline of a particle, and which type of “atomic matter”
models can accommodate such singularities. We are in particular interested in “electromagnetic
2Some care is thus required when one talks about causal properties of singularities such as them being timelike,
spacelike, or null, since these notions can only be meaningful in a limiting sense.
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matter,” whose electromagnetic field satisfies the pre-metric Maxwell’s equations, complemented
with a suitable electromagnetic vacuum law, and with charged sources given by a finite number of
one-dimensional timelike singularities that are assigned an energy-momentum-stress tensor in the
spirit of EIH, and Wallace, except that we allow the bare rest mass to have either sign.
In the present paper we focus our efforts on static spherically symmetric spacetimes of a single
point charge. These are 4-dimensional Lorentzian manifolds (M,g) on which there exists a global
system of coordinates (yµ) ≡ (t, r, θ, ϕ) such that the line element of the metric g can be written
gµνdy
µdyν = −e2α(r)c2dt2 + e2β(r)dr2 + r2(dθ2 + sin2 θdϕ2). (1.7)
Thus ∂/∂t is a timelike Killing field, r > 0 is the area-radius coordinate, and (θ, ϕ) are spherical
coordinates on the standard sphere S2. The metric is SO(3) invariant.
1.2. The weak second Bianchi identity. In spacetimes with singularities, the second Bianchi
identity (1.2) does not make any pointwise sense at the singularities themselves. However, as
explained above, one may still demand that (1.2) is satisfied weakly in the sense of distributions.
In this paper, precisely in Section 2, we prove the following:
Theorem 2.1. Let M = R× (R3 \ {r = 0}) have a Lorentzian metric g of the form (1.7), with
corresponding volume element d volg, and with dV
n denoting the Euclidean volume element in Rn.
If the Einstein tensor G = (Gµν) = (R
µ
ν − 12Rgµν) satisfies
G ∈ L1loc(R4, d volg), (1.8)
and if
lim
ε→0
Grr(ε)‖eα+β‖L1(Bε(0),dV 3) = 0, (1.9)
then the second Bianchi identity is satisfied weakly on R4; i.e., for any test vector field ψ ∈ Xc(R4),∫
R4
Gµν ∇µψν d volg = 0. (1.10)
This result is our starting point for an in-depth analysis of well-known static, spherically sym-
metric solutions of the Einstein equations with singularities. In Section 2 special results are also
obtained for simpler cases, such as when the metric exponents satisfy β = −α (cf. [16]). Further-
more, we consider explicit solutions of the Einstein equations with singularities of this type and
find that many indeed obey the criteria demanded in Theorem 2.1, and hence satisfy the weak
second Bianchi identity. We should in particular mention the singular static perfect fluid solutions
with linear equation of state (see, for example, [1, 7]).
Interestingly we find that the superextremal Reissner–Weyl–Nordstro¨m solution, i.e. the spher-
ically symmetric, asymptotically flat solution of the Einstein–Maxwell–Maxwell3 system with a
timelike central singularity, does not satisfy the second Bianchi identity weakly at the center. In
the remaining sections of this paper we investigate why this is the case by comparing it to space-
times of a point charge in different electromagnetic vacua, in particular the Hoffmann spacetime
solution of the Einstein–Maxwell–Born–Infeld system, for which we show that the second Bianchi
identity is satisfied weakly at the singularity.
A brief overview and discussion of our findings in the charged setting follows.
1.3. Spherically symmetric electrostatic spacetimes. The Einstein–Maxwell equations, i.e.,
(1.1) together with
dF = 0, dM = 0, (1.11)
valid pointwise away from any singularities of spacetime, are part of any field theory of electro-
magnetism in general relativity. The electromagnetic field is represented by the Faraday tensor F
and the Maxwell tensor M. To arrive at a field theory of electromagnetism the tensors F and M
need to be related by a “law of the electromagnetic vacuum” [“ether law” for short], which also
fixes the corresponding electromagnetic energy-momentum-stress tensor T.
3The first “Maxwell” here stands for the pre-metric Maxwell field equations, the second “Maxwell” for Maxwell’s
electromagnetic vacuum law [which he called “law of the pure ether”]. In the same vein we will speak of Einstein–
Maxwell–Born–Infeld system, etc.
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Using Eiesland’s Theorem [10, 11], which is a generalized and, in fact, preceding version of
the well-known Birkhoff Theorem, one of us [25, Theorem 6.2] showed that the metric g of any
electrostatic, spherically symmetric spacetime with an electromagnetic vacuum law determined by
a field Lagrangian which depends only on the two invariants of F, viz. 14FµνF
µν and 14Fµν ⋆ F
µν ,
must, in spherical coordinates (t, r, θ, φ), be given by
gµνdy
µdyν = −e2α(r)c2dt2 + e−2α(r)dr2 + r2(dθ2 + sin2 θdφ2). (1.12)
The function α(r) is smooth for r > 0 and depends on the ether law.
The simplest law of the electromagnetic vacuum is Maxwell’s “law of the pure ether,”
M = − ⋆ F, (1.13)
where ⋆ is the Hodge star operator4 with respect to g. In this case (1.1,1.11,1.13) is called the
Einstein–Maxwell–Maxwell (EMM) system. The unique static, spherically symmetric, asymptoti-
cally flat EMM spacetime is the Reissner–Weyl–Nordstro¨m (RWN) solution with metric component
e2α(r) = 1− 2G
c4r
(
Mc2 − Q
2
2r
)
. (1.14)
One can show that M is the ADM mass of the spacetime, while Q is its charge. The ratio5
GM2
Q2
determines the causal structure of the RWN spacetime (GM
2
Q2
> 1: subextremal with black
hole region; GM
2
Q2
= 1: extremal with black hole region; GM
2
Q2
< 1: superextremal with a naked
singularity). While one would expect the superextremal RWN spacetime to represent the simplest
realistic charged-particle spacetime, some unwanted divergence behaviors occur. More precisely,
the cumulative mass function
m(r) :=
c2
2G
r
(
1− e2α(r)
)
, (1.15)
which for RWN reads
mRWN(r) =M − Q
2
2c2r
, (1.16)
as well as the Kretschmann scalar (4.3) diverge as r ↓ 0 (see discussion in [25, Section 1] and
Section 3 below).
One way to overcome the divergence of the cumulative mass function is to consider a nonlinear
electromagnetic theory, for instance the Born–Infeld theory [4,5] (for more historical context in a
modern language, see [17,18]). This is done by choosing a Lorentz- and Weyl-invariant Lagrangian
density L for the electromagnetic action
S[a,D] =
∫
D
L(a, da),
where a is a 1-form on M and D is an open domain in M, such that in the weak field limit it
reduces to the Lagrangian of the Maxwell–Maxwell system (1.11,1.13), and has finite total energy
for a point charge. A critical point of S with respect to variations that are compactly supported
in D is called an electromagnetic potential A, and the Faraday tensor is then F = dA. It is
stationary if it is stationary with respect to all open domains D.
In the spherically symmetric electrostatic case the above formulation boils down to finding a
suitable reduced Hamiltonian6 ζ that yields a solution to (1.1,1.11) having an ADM mass M =
4The Hodge ⋆ dual of a k-form is a (n− k)-form, where n is the number of dimensions. In our setting, ⋆ takes
a 2-form to the dual 2-form.
5In a Newtonian theory, the fraction GM1M2
|Q1Q2|
is the ratio of the coupling constants of the gravitational and
electrical pair interaction energies of any two interacting point charges. Inserting empirical values, for two interacting
electrons one finds the tiny value
Gm2e
e2e
≈ 2.4 × 10−43. If one has only one point charge, it is tempting to think
of GM
2
Q2
as the ratio of the gravitational and electrical self-energy coupling constants, but in a Newtonian theory
there is no such thing, and in special-relativistic electromagnetic Maxwell–Lorentz field theory of point charges, the
self energies are infinite. This does not improve in general relativity, so the meaning of GM
2
Q2
lies elsewhere.
6We now largely follow the notation of [25], with only smaller deviations.
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limr→∞m(r) =: m∞, and a charge Q, with cumulative mass function
m(r) =M − 1
c2
∫ ∞
r
ζ
(
Q2
2s4
)
s2ds, (1.17)
and electric potential A = ϕ(r)cdt, with
ϕ(r) = Q
∫ ∞
r
ζ′
(
Q2
2s4
)
1
s2
ds, (1.18)
and which is subject to certain admissibility criteria.
While we defer a discussion of the admissibility criteria to Section 3, we inject already that the
Born–Infeld reduced Hamiltonian
ζBI(µ) =
√
1 + 2µ− 1
is an admissible Hamiltonian, and it leads to the Hoffmann solution [15]. Here, µ is a dimensionless
|D|2, where D is Maxwell’s displacement field (w.r.t. a Lorentz frame).
An important consequence of these admissibility conditions is that, given an electrostatic space-
time solution with charge Q ∈ R\{0}, by rescaling the reduced Hamiltonian ζ, we can find another
electrostatic spacetime solution that corresponds to the new, rescaled vacuum law, which has the
same charge Q, and has any desired bare rest mass m0 ≤ 0 and ADM mass M > m0. Thus, in
Section 3 we prove the following result.
Proposition 3.1. Let ζ be an admissible Hamiltonian, and let g be a corresponding electrostatic
spacetime metric with charge Q ∈ R\{0}. Suppose Iζ := 2− 114
∫∞
0 y
− 7
4 ζ(y)dy < ∞. Let m0 ≤ 0
and M > m0 be given. Then for
λ =
|Q| 32 Iζ
(M −m0)c2
the λ-scaled version of ζ, i.e., ζλ(µ) = λ
−4ζ(λ4µ), is itself an admissible reduced Hamiltonian,
and there exists a corresponding electrostatic spacetime metric gλ which has charge Q, ADM mass
M = limr→∞m(r), and
m0 = lim
r↓0
m(r) (1.19)
is the bare rest mass if the spacetime has a naked singularity at the center7.
We remark that the power 4 in the λ scaling harks back to µ ∝ |D|2, with |D| ∝ 1
r2
.
1.4. Behavior at the singularity for charged spacetimes. In [25] a particular subclass of
admissible occurrence L was identified with the property that the corresponding spherically sym-
metric, asymptotically flat, electrostatic spacetime metrics have the mildest possible singularity at
their center, namely, a conical singularity on the time axis. In the setting of [25] this is the case
only if the bare rest mass vanishes, i.e., m0 = 0.
In the present work we drop this restriction and allow a finite bare mass m0. In fact, since with
EIH and Wallace we are interested in a timelike naked singularity at the center, we will see that
we need to admit negative m0; cf. [14].
This generalization opens the door to much more severe than conical, but nevertheless still
sufficiently weaker singularities than the one at the center of superextremal RWN spacetime. One
key quantity to measure the different degrees of severity of singularities is the Kretschmann scalar.
We know that, as r → 0, the Kretschmann scalar is proportional to r−4 in the case of conical
singularities studied in [25]. We show that it is of order r−6 in the case of admissible reduced
Hamiltonians, and that it blows up like r−8 for the RWN solution. Moreover, the bare mass m0 can
be recovered from such curvature invariants. Due to the behavior of the cumulative mass function
m(r) at the singularity obtained in Proposition 3.5, the restrictions on the reduced Hamiltonian
guarantee that the second Bianchi identity holds weakly everywhere, including at the singularity.
In Section 4 we prove:
7A sufficient criterion for the occurence of a naked singularity is provided in Section 3.
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Theorem 4.3. Suppose (M,g,F) is an electrostatic spherically symmetric spacetime for an ad-
missible reduced Hamiltonian. Then the second Bianchi identity is weakly satisfied everywhere.
This is in stark contrast to the Reissner–Weyl–Nordstro¨m solution for which not only the
cumulative mass function (and hence the energy inside a sphere of area 4πr2) diverges to minus
infinity when r ↓ 0, but even the weak version of the second Bianchi identity fails. As such, the
nonlinear electromagnetic theories obtained through the above Lagrangian formulation are better
suited to model static spacetimes of a charged point particle. We expect that these results can
be extended in a meaningful way also to non-static non-symmetric solutions with several point
charges, ring singularities etc.
2. The second Bianchi identity at the singularity
We would like to investigate the blow-up behavior at the singularity by considering the Einstein
equations in a weak sense. Since energy conservation holds, in particular, it seems reasonable to
demand that also the Bianchi identity is satisfied everywhere. We derive a criterion for when the
twice contracted second Bianchi identity is satisfied weakly and show that it holds true for some
solutions of the Einstein equations. We will also see that the criterion, as well as the weak second
Bianchi identity, do not hold for the well-known RWN metric.
2.1. The twice-contracted second Bianchi identity. Let us first recall the calculation for
smooth spacetimes. The second Bianchi identity for the Riemann curvature tensor reads
Rαβ[λµ;ν] = ∇νRαβλµ +∇λRαβµν +∇µRαβνλ = 0.
Using the skew symmetry Rαβµλ = −Rαβλµ of the Riemann tensor and contraction with the
metric gαλ we obtain
Rβµ;ν −Rλβµν;λ −Rβν;µ = 0.
Further contraction with gβν yields
Rνµ;ν +R
λ
µ;λ −R;µ = 0,
or equivalently,
Rλµ;λ =
1
2
R;µ.
Since the covariant derivative of g vanishes, multiplication with gµν implies
0 = gµν(Rλµ;λ − 1
2
R;µ) = (g
µνRλµ);λ − 1
2
(gµνR);µ = (R
µν − 1
2
Rgµν);µ. (2.1)
Thus the covariant divergence of the Einstein tensor vanishes for r > 0.
2.2. Weak formulation of the second Bianchi identity. Let (t, r, θ, φ) be spherical coor-
dinates on M = R × (R3 \ {r = 0}). A general spherically symmetric static metric is of the
form
gµνdy
µdyν = −e2α(r)c2dt2 + e2β(r)dr2 + r2(dθ2 + sin2 θ dφ2), (2.2)
where β = −α is not necessarily satisfied. Clearly, no off-diagonal components occur in the metric
tensor and 1-1 Einstein tensor. In particular, the nonvanishing components of g are
gtt = −c2e2α, grr = e2β , gθθ = r2, gφφ = r2 sin2 θ, (2.3)
with inverse g−1 given by
gtt = −c−2e−2α, grr = e−2β , gθθ = r−2, gφφ = r−2 csc2 θ, (2.4)
and volume form
d volg = e
α+βcr2 sin θ dt ∧ dr ∧ dθ ∧ dφ = eα+βc dV 4,
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where dV n denotes the Euclidean volume form on Rn. The nonvanishing components of the
Einstein tensor G are,
Gtt =
e−2β
r2
(
1− e2β − 2rβ′) ,
Grr =
e−2β
r2
(
1− e2β + 2rα′) , (2.5)
Gθθ = G
φ
φ =
e−2β
r
((1 + rα′)(α′ − β′) + rα′′) ,
In Section 2.1 we recalled that the twice-contracted second Bianchi identity (2.1) is satisfied
away from the center. We formulate it in a weak form to see what happens at the singularity
{r = 0} itself. Note that, if G is smooth then integration by parts and Stokes’ Theorem implies∫
R4
ψν ∇µGµν d volg =
∫
R4
∇µ(ψνGµν) d volg −
∫
R4
Gµν ∇µψν d volg
= −
∫
R4
Gµν ∇µψν d volg
for any (compactly supported) test vector field ψ onM. This kind of weak formulation of tensorial
equations seems to have been introduced by Lichnerowicz [21, 22] in the Riemannian setting, and
generalized to spacetimes by Taub [26] and others.
Theorem 2.1. Let M = R× (R3 \{r = 0}) have a spherically symmetric static Lorentzian metric
g of the form (2.2). If the 1-1 Einstein tensor G is locally summable, i.e.,
G ∈ L1loc(R4, d volg), (2.6)
and if
lim
ε→0
Grr(ε)‖eα+β‖L1(Bε(0),dV 3) = 0, (2.7)
then the twice-contracted second Bianchi identity is satisfied weakly on R4, that is,∫
R4
Gµν ∇µψν d volg = 0 (2.8)
for any test vector field ψ ∈ Xc(R4).
Remark 2.2. The first condition (2.6) guarantees the existence of the weak divergence, the second
condition (2.7) guarantees that it is zero.
Proof. Consider any test vector field ψ ∈ Xc(R4), ψ = ψν∂ν , where ∂ν = ∂∂yν for an arbitrary local
coordinate system (yν)3ν=0. Let Bε denote the ε-ball around the origin in R
3 and Cε = Bε ×R be
an ε-cylinder around the singularity {r = 0}. Then Ωε = R4 \Cε = (R3 \Bε)×R is the remaining
spacetime outside this critical region, and∫
R4
Gµν ∇µψν d volg = lim
ε→0
∫
Ωε
Gµν ∇µψν d volg, (2.9)
where assumption (2.6) together with staticity guarantees the existence of the integral. Since the
Bianchi identities are satisfied away from the singularity, integration by parts yields∫
Ωε
Gµν ∇µψν d volg =
∫
Ωε
∇µ(ψνGµν) d volg −
∫
Ωε
ψν ∇µGµν︸ ︷︷ ︸
=0
d volg . (2.10)
Thus for the vector field X = Xµ∂µ, defined by X
µ = Gµνψ
ν , by Stokes’ Theorem∫
Ωε
Gµν ∇µψν d volg =
∫
Ωε
(divX) d volg =
∫
∂Ωε
iX(d volg) =
∫
∂Cε
iX(d volg), (2.11)
where iX(d volg) is the interior product of the volume form with X . Only the component of X
normal to ∂Cε contributes. In spherical coordinates (t, r, θ, φ), the outward-pointing unit normal
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vector N to ∂Cε is simply ∂r (note that, since ∂Cε is timelike, the direction remains unchanged,
see Appendix A), hence the integrand can be reduced to
iX(d volg)|∂Cε = g(X,N)iN(d volg) = grrXr i∂r (d volg).
In our spherically symmetric, static setting (2.2) with no off-diagonal term Grν we have X
r =
Grrψ
r, and thus the integrand further reduces to
iX(d volg)|∂Cε = grrGrνψν i∂r (d volg) = Grrgrrψr i∂r (d volg) = Grr iψ(d volg)|∂Cε . (2.12)
By (2.9)–(2.12) and by applying Stokes’ Theorem a second time (now to obtain a volume integral
around the center), since Grr depends on r only due to spherical symmetry and staticity,∫
R4
Gµν ∇µψν d volg = lim
ε→0
∫
∂Cε
Grr(ε) iψ(d volg)
= lim
ε→0
Grr(ε)
∫
∂Cε
iψ(d volg)
= lim
ε→0
Grr(ε)
∫
Cε
(divψ) d volg . (2.13)
By assumption, ψ is a test vector field on R4 and therefore smooth and bounded on Cε for any
ε > 0. Hence the divergence of ψ in Cartesian coordinates (xν)nν=1:
divψ =
∂
∂xν
ψν ,
is bounded from below and above, so that for a positive constant Cψ
‖ divψ‖L∞(Cε) ≤ ‖ divψ‖L∞(R4) ≤ Cψ .
Furthermore, the support of ψ in the time direction is contained in the interval [−Tψ, Tψ] for some
Tψ > 0. Recall that
d volg = e
α+βcdx0 ∧ dx1 ∧ . . . dxn,
so (2.13) implies that∣∣∣∣
∫
R4
Gµν ∇µψν d volg
∣∣∣∣ ≤ limε→0 |Grr(ε)|‖ divψ‖L∞(Cε)
∫
Cε
d volg
≤ 2cTψCψ lim
ε→0
|Grr(ε)|‖eα+β‖L1(Bε(0)). (2.14)
By our initial assumption (2.7),
lim
ε→0
|Grr(ε)|‖eα+β‖L1(Bε(0)) = 0,
so that (2.14) implies ∫
R4
Gµν ∇µψν d volg = 0,
that is, the Bianchi identity is weakly satisfied everywhere. 
In order to not have to work with L1-bounds, we replace the conditions (2.6)–(2.7) by decay
properties.8
Corollary 2.3. Let g be given by (2.2), and such that in spherical coordinates, as r → 0,
r3(|Gtt|+ |Grr|+ |Gθθ|)eα+β = O(rγ), for some γ > 0, (2.15)
lim
ε→0
ε3Grr(ε)‖eα+β‖L∞((0,ε]) = 0. (2.16)
8To describe the convergence rate we use Landau symbols. More precisely, f(r) = O(rγ) as r ↓ 0 indicates that
the function r 7→
f(r)
rγ
remains bounded as r ↓ 0.
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Then the weak Bianchi identity (2.8) holds. In view of the explicit formulation of Gµν in terms
of α and β in (2.5), (2.15) can be replaced by showing that for some γ > 0 as r → 0
reα−β(1− e2β − 2rβ′) = O(rγ), (2.17)
reα−β(1− e2β + 2rα′) = O(rγ), (2.18)
r2eα−β [(1 + rα′)(α′ − β′) + rα′′] = O(rγ). (2.19)
If, in addition, α+β is decreasing as r ↓ 0, then (2.16) is automatically satisfied because of (2.18).
Proof. In spherical coordinates, by (2.5), no off-diagonal components Gµν occur and G
θ
θ = G
φ
φ.
Since a function f(r) = r−3+γ is integrable on a neighborhood of 0 in R3 for any γ > 0, the
condition (2.15) implies (2.6). Furthermore, since
∫
Br(0)
|f(r)|dV 3 ≤ 4pir33 ‖f‖L∞((0,r]), also (2.16)
implies (2.7). 
2.3. Singularities in terms of the cumulative mass function. Let us consider the situation
with β = −α, and with the metric components expressed by a cumulative mass function m(r).
Thus we assume that g is of the form
gµνdy
µdyν = −e2α(r)c2dt2 + e−2α(r)dr2 + r2(dθ2 + sin2 θdφ2), (2.20)
with
e2α(r) = 1− 2Gm(r)
c2r
. (2.21)
The singularity at the center is conical with defect angle δ if and only if limr↓0
2Gm(r)
c2r
= δ 6= 0 (see
the reformulation in terms of Cartesian coordinates in Section 4.1). The nonvanishing components
of the Einstein tensor read, in spherical coordinates,
Gtt = G
r
r = −2Gm
′(r)
c2r2
, Gθθ = G
φ
φ = −Gm
′′(r)
c2r
. (2.22)
Corollary 2.4. Let g be of the form (2.20)–(2.21). Assume furthermore that, for some γ > 0,
m′(r) = O1(r−1+γ), as r ↓ 0. (2.23)
Then the second Bianchi identity holds weakly everywhere on R4.
Proof. We verify condition (2.15) of Corollary 2.3. By assumption,
eα+β = e0 = 1,
so this will automatically also prove (2.16). From the components of the Einstein tensor for g,
(2.22), and assumption (2.23), as r → 0, we have
r3Gtt = r
3Grr = −r3 2Gm
′(r)
c2r2
= m′(r)O(r) = O(rγ), (2.24)
and
r3Gφφ = r
3Gθθ = −r3Gm
′′(r)
rc2
= m′′(r)O(r2) = O(rγ). (2.25)

2.4. Examples of singular spacetimes. We discuss some examples of spacetimes for which the
twice-contracted second Bianchi identity holds / does not hold weakly.
Example 2.5 (Singular static perfect fluids). The singular static spherically symmetric solution
of the Einstein–Euler equations with linear equation of state p = Kc2ρ, K ∈ (0, 1), has a conical
singularity at the center (see [1, Section 3.2.1]). The metric g is of the form
gµνdy
µdyν = −
(
2π((1 +K)2 + 4K)
K
Gr2ρ1
c2
) 2K
1+K
c2dt2+
(1 +K)2 + 4K
(1 +K)2
dr2+r2(dθ2+sin2 θ dφ2),
for a given density ρ1 > 0. Hence e
2α(r) =
(
χr2
) 2K
1+K , with constant χ(K, ρ1) =
2pi((1+K)2+4K)
K
Gρ1
c2
,
e2β(r) = (1+K)
2+4K
(1+K)2 and thus
α′(r) = ∂r log
(
r
2K
1+K
)
=
2K
1 +K
r−1, α′′(r) = − 2K
1 +K
r−2, β′(r) = 0,
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and
eα(r)+β(r) =
√
(1 +K)2 + 4K
1 +K
(χr2)
K
1+K
is strictly decreasing as r ↓ 0. Therefore,
r3Grr‖eα+β‖∞ = reα−β
(
1− e2β + 2rα′)
=
1 +K√
(1 +K)2 + 4K
χ
K
1+K r1+
2K
1+K
(
1− (1 +K)
2 + 4K
(1 +K)2
+
4K
1 +K
)
= O
(
r
1+3K
1+K
)
as r ↓ 0. Thus (2.16) and the Grr part of (2.15) is satisfied. Similarly,
r3Gtte
α+β = reα−β
(
1− e2β) = O (r 1+3K1+K ) ,
and
r3Gθθe
α+β = r2eα−β (α′(1 + rα′) + 2rα′′)
=
1 +K√
(1 +K)2 + 4K
χ
K
1+K r2+
2K
1+K
((
1 +
2K
1 +K
)
2K
1 +K
r−1 − 2 2K
1 +K
r−1
)
= − 2K(1−K)√
(1 +K)2 + 4K
χ
K
1+K r−1r2+
2K
1+K
= O
(
r
1+3K
1+K
)
,
which proves the necessary decay for the remaining quantities in (2.15). Hence by Corollary 2.3
the Bianchi identity holds weakly also at the singularity.
Note that for general nonsingular spherically symmetric static solutions to the Einstein–Euler
equations with finite central mass density ρ0 the decay of the cumulative mass function in the
vicinity of the center is
m(r) =
4π
3
ρ0r
3 +O(r5), as r ↓ 0,
both for the linear and polytropic-type equations of state [1, 6]. The Kretschmann scalar (4.5)
does not blow up at the center and no singularity is present.
Example 2.6 (Negative mass Schwarzschild solution). For m∞ =M < 0 and
e2α(r) = 1− 2GM
c2r
,
the condition (2.23) is trivially satisfied, and hence the weak Bianchi identity holds at the naked
singularity at the center.
Example 2.7 (Superextremal RWN). In this case m∞ =M > 0 and
e2α(r) = 1− 2GM
c2r
+
GQ2
c4r2
,
and therefore (cf. (1.16))
m(r) =M − Q
2
2c2r
,
with derivative
m′(r) =
Q2
2c2r2
= O(r−2), (2.26)
as r ↓ 0. In particular, (2.23) is not satisfied.
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It remains to be shown that the second Bianchi identity indeed does not hold weakly everywhere.
Since ψ need not be divergence-free at the singularity, by Lebesgue’s differentiation theorem
Cψ = lim
ε→0
3
4πε3
∫
Cε
(divψ) d volg =
∫ ∞
−∞
(
lim
ε→0
3
4πε3
∫
Bε
(divψ) d volS3
)
dt
=
∫ ∞
−∞
divψ(t, 0) dt
is bounded but will in general be nonzero. Thus by (2.13),∫
R4
Gµν ∇µψν d volg = 4πCψ
3
lim
ε→0
ε3grr(ε)G
rr(ε)
= −4πCψ
3
lim
ε→0
2εm′(ε)G
c2
= −8πCψG
3c2
lim
ε→0
εm′(ε),
which diverges due to (2.26).
Remark 2.8. The calculation in Example (2.7) shows more generally that condition (2.23) in
Corollary 2.4 is in fact sufficient and necessary for the weak Bianchi identity if g is given by
(2.20).
In the next section we will discuss cases when gravity is coupled to nonlinear electromagnetic
theories, including the Born–Infeld model, resulting in electrostatic spacetimes for which the second
Bianchi identity holds weakly, even at the singularity. Then the Bianchi identity holds weakly
everywhere.
3. Electrostatic spacetimes with mild singularities
3.1. Spherical symmetry. If the metric of a static spherically symmetric electromagnetic space-
time is of the form9 (2.20), i.e.,
gµνdy
µdyν = −e2α(r)c2dt2 + e−2α(r)dr2 + r2(dθ2 + sin2 θdφ2) (3.1)
we let ζ denote the reduced Hamiltonian and let ϕ denote the electrostatic potential, A = ϕ(r)cdt.
The nonlinear gravito-electrostatic equations of interest imply (see [25, Sec. 4] and [2, Ch. 1])
e2α(r) = 1− 2GM
c2r
+
2G
c4r
∫ ∞
r
ζ
(
Q2
2s4
)
s2ds, (3.2)
ϕ(r) = Q
∫ ∞
r
ζ′
(
Q2
2s4
)
1
s2
ds. (3.3)
In order to obtain an admissible Hamiltonian, ζ must satisfy the following constraints:
(R1) limµ→0
ζ(µ)
µ
= 1.
(R2) ζ′(µ) > 0 and ζ(µ) − µζ′(µ) ≥ 0 for all µ > 0.
(R3) ζ′(µ) + 2µζ′′(µ) ≥ 0 for all µ > 0.
Let m(r) be the cumulative mass function defined by
m(r) := m∞ − 1
c2
∫ ∞
r
ζ
(Q2
2s4
)
s2ds, (3.4)
then, since m∞ = limr→∞m(r) =M , we have
e2α(r) = 1− 2Gm(r)
c2r
.
If limr↓0m(r) =: m0 is finite and nonzero, the Kretschmann scalar blows up at least like r−6 as
r ↓ 0. In the case of a conical singularity at the center, which in particular requires m0 = 0, one
9Recall that with a Lagrangian of the type stipulated in our introduction, g is always of the form (2.20) (see
[25, Theorem 6.2]).
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can show that the Kretschmann scalar still blows up at least like r−4 (see Sections 4.2.1 and 4.2.2
below for details on curvature invariants).
3.2. Naked singularities at the center. The above conditions imply that the center at r = 0
must be nonregular. In [25] the mildest possible naked singularity was studied and found to be
a conical singularity with m0 = 0. More generally naked singularities require m0 ≤ 0; otherwise
black holes will occur. In other words, there are two cases to consider:
Case 1: m0 > 0. We show that, so long as m∞ < ∞, the spacetime will have a horizon. In
this vein, assume to the contrary that there is no horizon, so that the coordinate chart (t, r, θ, φ)
in R× R+ × S2 is global, with r spacelike and t timelike throughout. Set
f(r) := c2r − 2Gm(r).
Then, since m0 > 0 by assumption, f(0) = −2Gm0 < 0, while m∞ <∞ clearly implies f(∞) > 0.
Since m(r) is a continuous function for r > 0, it now follows that there exists an r0 > 0 such that
f(r0) = 0. But this implies that e
2α(r0) = 1
c2
f(r0)
r0
= 0. In fact the metric coefficient g00 generally
changes sign across r = r0, which means that the area-radius coordinate r becomes timelike for
r < r0, in contradiction to the hypothesis that r is spacelike throughout. Therefore r = r0 is a
Killing horizon, and the coordinate chart only covers the region r > r0 of the spacetime.
Case 2: m0 ≤ 0. In Example 2.7 we saw that for the superextremal RWN spacetime one has
limr↓0m(r) = −∞ and a severe curvature singularity at r = 0. This is due to a non-integrable
electrostatic field energy density about r = 0. However, for admissible Hamiltonians with finite
electrostatic field energy |Q| 32 Iζ , we have
m∞ −m0 = |Q|
3
2 Iζ
c2
;
i.e., the difference between the accumulated mass of the spacetime and the bare rest mass is
entirely due to the electrostatic field. For the ADM mass M we then have, in general,
M = m∞ = m0 +
|Q| 32 Iζ
c2
. (3.5)
Thus we have limr↓0m(r) =: m0 ∈ (−∞, 0], yielding a less singular behavior at r = 0.
Let us consider the behavior of the spacetime at the center. If we assume that there exists a
positive constant Jζ such that
(R5’) ζ(µ) ≤ Jζ√µ,
then the integral term of the cumulative mass function m(r) can be estimated using∫ r
0
ζ
(
Q2
2s4
)
s2ds ≤ Jζ |Q| r√
2
,
which implies that in a neighborhood of the center, m(r) is bounded from above by
m(r) ≤ m0 + Jζ |Q| r√
2c2
. (3.6)
Since by assumption m0 ≤ 0, this shows that the metric coefficient g00 is bounded away from zero,
e2α(r) = 1− 2Gm(r)
c2r
≥ 1− 2Gm0
c2r
−
√
2Jζ |Q|G
c4
> 1−
√
2Jζ |Q|G
c4
> 0,
as long as
|Q|GJζ
c4
<
1√
2
. (3.7)
Thus, (3.7) implies the absence of a horizon, which means that a naked singularity occurs whenever
the charge is sufficiently small in comparison to the integral estimate involving the “mass.” Of
course, (3.7) is only a sufficient condition for absence of a horizon.
We now show that if an electrostatic spacetime solution exists for prescribed total charge Q,
then for the same charge Q one can generate such a spacetime with any bare rest mass m0 ≤ 0
and ADM mass M > m0. This is achieved by a rescaling of the associated reduced Hamiltonian.
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Proposition 3.1. Let ζ be an admissible Hamiltonian that satisfies (R1)–(R3). We additionally
assume that ζ satisfies
(R4) Iζ = 2
− 11
4
∫∞
0
y−
7
4 ζ(y)dy <∞.
Suppose there exists an electrostatic spacetime metric g with charge Q ∈ R\{0} satisfying the
Einstein–Maxwell equations for the ether law generated by ζ. Let m0 ≤ 0 and M > m0 be given.
Then for
λ =
|Q| 32 Iζ
(M −m0)c2
the λ-scaled version of ζ, defined by
ζλ(µ) = λ
−4ζ(λ4µ), (3.8)
is itself an admissible reduced Hamiltonian, and there exists a corresponding electrostatic spacetime
metric gλ which has charge Q, ADM mass M = limr→∞m(r), and
m0 = lim
r↓0
m(r) (3.9)
is the bare rest mass if the spacetime has a naked singularity at the center.
Proof. Note that ζλ satisfies (R1)–(R4) because ζ does. Furthermore, (3.8) implies that Iζλ as
defined in (R4) transforms as
Iζλ = 2
− 11
4
∫ ∞
0
y−
7
4 λ−4ζ(λ4y)dy = λ−1Iζ . (3.10)
Therefore,
|Q| 32 Iζλ
(M −m0)c2 =
λ
λ
= 1
and (3.4) and (3.5) imply that indeed
M = m0 +
|Q| 32 Iζλ
c2
as desired. 
Remark 3.2. The borderline case m0 = 0 was treated already in [25]. In this case there is no
bare mass at the center, and the geometric ADM mass M is entirely due to the electrostatic field
energy |Q| 32 Iζ , more precisely,
M = m∞ =
|Q| 32 Iζ
c2
.
In [25] it was also shown that given any charge Q, also any positive ADM mass M > 0 can be
achieved in this case via an appropriate choice of a scaling parameter: Let ζλ(µ) = λ
−4ζ(λ4µ) be
the reduced Hamiltonian corresponding to a λ-scaled ether law. Then Iζλ = λ
−1Iζ , and the ADM
mass becomes
M =
1
λ
|Q| 32 Iζ
c2
,
with Q still the charge of the spacetime. By a suitable choice of λ, any value of M > 0 can be
generated. Clearly, this is a special case of our Proposition 3.1. These solutions are asymptotically
flat with a conical singularity at the center if the ratio GM
2
Q2
is sufficiently small; see [25, Sec. 5.1].
Also the sufficient condition (3.7) for obtaining a naked singularity can be reformulated in the
λ-scaled setting. Note that
Jζλ = λ
−2Jζ .
Hence (3.7) translates to
G(M −m0)2
|Q|2 <
I2ζ√
2Jζ
. (3.11)
From now on we always assume that (3.11) is satisfied.
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Together with m0 ≤ 0, condition (3.11) guarantees that there is no horizon and r is a spacelike
coordinate on (0,∞). In fact, we have
Proposition 3.3. Suppose ζ is an admissible reduced Hamiltonian satisfying (R1)–(R5’) and λ
etc. is given as in Proposition 3.1. If the ratio
ǫ2 :=
G(M −m0)2
|Q|2
is sufficiently small (as in (3.11)), then gλ features a naked singularity at the center. 
Note that ǫ2 is a dimensionless quantity in Gaussian units (see also [2, p. 5] for a discussion).
Example 3.4 (Born–Infeld model). In the setting of the Born–Infeld theory, where ζ(µ) =√
1 + 2µ− 1, we can choose Jζ =
√
2 in (R5’). Moreover,
Iζ = −
Γ(− 34 )Γ(54 )
2
√
π
≈ 1.2360498,
and thus
I2ζ√
2Jζ
≈ 0.76390954.
If we consider the mass and charge of an electron, i.e.,
Me = 9.10938356× 10−31 [kg], Qe = 1.6021765× 10−19 [C] ·
√
ke,
where ke = 8.98755179 × 109 [kgm3s−2C−2] is the Coulomb constant, then for m0 = 0, and
gravitational constant G = 6.67408× 10−11[m3kg−1s−2], we have
ǫ2 =
GM2
|Q|2 ≈ 2.40053× 10
−43,
so we are far in the naked singularity regime due to (3.11) being satisfied. Since gravitational
effects (∝ G) are small, for m0 < 0 we are guaranteed a naked singularity so long as m0 > −γM ,
where γ is a large positive constant.
Next, let us consider the behavior of the spacetime near the center of the symmetry, for m0 < 0.
The singularity at r = 0 will no longer be conical, but exhibit a stronger blow-up behavior. If, in
addition to (R5’) we assume that there is also Jζ ,Kζ > 0 such that
(R5”) Jζ
√
µ−Kζ ≤ ζ(µ),
then we also obtain an estimate of m(r) from below. More precisely,
m(r) = m0 +
1
c2
∫ r
0
ζ
(
Q2
2s4
)
s2ds ≥ m0 + Jζ |Q| r√
2c2
−Kζ r
3
3c2
, (3.12)
which together with (3.6) implies that
m(r) = m0 + Jζ |Q| r√
2c2
+O(r3)
as r → 0.
If we in addition assume that there is a positive constant Lζ > 0 such that
(R5”’) Jζ
√
µ− 2Lζ ≤ 2ζ′(µ)µ ≤ Jζ√µ,
then we can also say something about the decay of the derivatives of m(r).
Proposition 3.5. If ζ : R+0 → R is an admissible reduced Hamiltonian, that is, it satisfies the
properties (R1)–(R4) as well as
(R5) There exist positive constants Jζ ,Kζ , Lζ such that
Jζ
√
µ−Kζ ≤ ζ(µ) ≤ Jζ√µ, and Jζ√µ− 2Lζ ≤ 2ζ′(µ)µ ≤ Jζ√µ,
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then the cumulative mass function is of the form
m(r) = m0 +
1
2c2
∫ r
0
ζ
(Q2
2s4
)
s2ds = m0 +
Jζ |Q|√
2c2
r − Kζ
3c2
r3 +O2(r
3), as r ↓ 0,
where we say that f(r) = Ok(r
α) as r ↓ 0 if rj−α djf
drj
is bounded for j = 0, . . . , k as r ↓ 0.
Remark 3.6. By the first part of (R2), in particular, ζ′(µ) ≥ 0 and thus also ζ(µ) ≥ 0 by the
second part for all µ ≥ 0. Next, consider f(µ) = log ζ(µ)
µ
. Then f(0) = log 1 = 0 by (R1) and by
(R2)
f ′(µ) =
µζ′(µ)− ζ(µ)
µζ(µ)
≤ 0.
Hence by integration also f(µ) ≤ 0 and therefore ζ(µ) ≤ µ for all µ ≥ 0. Together with the first
part of (R5) we thus obtain for µ ≥ 0 that
max{0, Jζ√µ−Kζ} ≤ ζ(µ) ≤ min{µ, Jζ√µ}. (3.13)
Similarly, (R2) implies that 0 ≤ ζ′(µ)µ ≤ ζ(µ) so that together with the second part of (R5) we
have for µ ≥ 0 that
max{0, Jζ√µ− 2Lζ} ≤ 2ζ′(µ)µ ≤ min{2µ, Jζ√µ}. (3.14)
Proof. As we have already see in (3.6)–(3.12) the first part of (R5) implies that
m0 +
Jζ |Q|√
2c2
r − Kζ
3c2
r3 ≤ m(r) ≤ m0 + Jζ |Q|√
2c2
r, (3.15)
and thus shows that
0 ≤ r−3
[
m(r) −
(
m0 +
Jζ |Q|√
2c2
r − Kζ
3c2
r3
)]
≤ Kζ
3c2
,
remains bounded. Since
m′(r) = ζ
(
Q2
2r4c2
)
r2,
using the first part of (R5) we again obtain that
Jζ |Q|√
2c2
− Kζr
2
c2
≤ m′(r) ≤ Jζ |Q|√
2c2
, (3.16)
hence
0 ≤ r−2 d
dr
[
m(r)−
(
m0 +
Jζ |Q|√
2c2
r − Kζ
3c2
r3
)]
≤ Kζ
c2
.
The second derivative of m(r) is
m′′(r) =
2r
c2
ζ
(Q2
2r4
)
− 4ζ′
(Q2
2r4
)Q2
2r4
r
c2
, (3.17)
with upper bound
m′′(r) ≤
√
2Jζ |Q|
rc2
−
√
2Jζ |Q|
rc2
+
4Lζr
c2
=
4Lζr
c2
and lower bound
m′′(r) ≥ −2rKζ
c2
.
Hence
− 2Kζr
c2
≤ m′′(r) ≤ 4Lζr
c2
, (3.18)
and thus
0 ≤ r−1 d
2
dr2
[
m(r) −
(
m0 +
Jζ |Q|√
2c2
r − Kζ
3c2
r3
)]
= r−1
[
m′′(r) +
2Kζ
c2
r
]
≤ 4Lζ + 2Kζ
c2
(3.19)
is bounded as well. Therefore, by definition of O2(r
3),
m(r) = m0 +
Jζ |Q|√
2c2
r − Kζ
3c2
r3 +O2(r
3)
as r ↓ 0. 
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4. Relationship between bare rest mass and curvature blow-up
In this Section we show how the behavior of m(r) at the center can be used to recover the bare
rest mass m0 from certain curvature invariants of the metric.
4.1. Cartesian coordinates and (non)conical singularities. Introducing Cartesian coordi-
nates
x1 = r sin θ sinφ, x2 = r sin θ cosφ, x3 = r cos θ, (4.1)
we can write
gµνdy
µdyν = −e2αc2dt2 + e−2αdr2 + r2(dθ2 + sin2 θ dφ2)
= −e2αc2dt2 + (e−2α − 1)dr2 + (dx1)2 + (dx2)2 + (dx3)2
with r2 = (x1)2 + (x2)2 + (x3)2, and read off the pertinent components of the metric tensor g as
g00 = −e2αc2 = −
(
1− 2Gm(r)
c2r
)
c2, g0j = gi0 = 0,
gij = δij + (e
−2α − 1)xixj
r2
= δij +
2Gm(r)
(c2r − 2Gm(r))
xixj
r2
.
The corresponding components of its inverse g−1 are
g00 = − 1
c2
(
1− 2Gm(r)
c2r
)−1
, g0j = gi0 = 0, gij = δij − 2Gm(r)
c2r
xixj
r2
. (4.2)
Observe that only the case where limr↓0
2Gm(r)
c2r
= δ 6= 0 yields a conical singularity at the
center. By Proposition 3.5 this holds if and only if m0 = 0, and then δ =
√
2Jζ|Q|G
c4
is the deficit
angle.
For a λ-scaled spacetime with fixed M , Q and m0 this implies that
δ =
√
2GJζλ |Q|
c4
=
√
2Gλ−2Jζ |Q|
c4
= ǫ2
√
2
Iζ
,
i.e., the deficit angle is proportional to the ratio of (M −m0)2 and Q2.
4.2. Singular behavior observed in curvature invariants.
4.2.1. Kretschmann scalar. The Kretschmann scalar, i.e., the quadratic curvature invariant
K := RµνληRµνλη, (4.3)
indicates the presence of a true singularity as opposed to a mere coordinate singularity. In the case
of the negative-mass Schwarzschild metric the Kretschmann scalar K = 48G2M2
c4r6
blows up with
r−6 as r ↓ 0 and is proportional to the square of the mass M . For the Reissner–Weyl–Nordstro¨m
metric (1.14) with ADM mass M and charge Q, the Kretschmann scalar
KRWN(r) = 48G
2M2
c4r6
(
1 +
2Q2
c2Mr
+ 7
Q4
48c4M2r2
)
(4.4)
blows up like r−8 as r ↓ 0.
More generally, if g is a Lorentzian metric of the form (2.20), i.e.,
gµνdy
µdyν = −e2α(r)c2dt2 + e−2α(r)dr2 + r2(dθ2 + sin2 θdφ2),
with e2α(r) given by (2.21), then the Kretschmann scalar reads
K(r) = 4G
2
c4r6
(
12m2 + 4rm(−4m′ + rm′′) + r2(8m′2 − rm′m′′ + r2m′′2)) . (4.5)
In particular, if the limit limr↓0m(r) = m0 exists the blow-up rate is at most r−6 as r ↓ 0. If
the bare rest mass m0 is zero as in [25], then the blow-up rate is only r
−4 as r ↓ 0, and the
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singularity is even milder. Hence the singularity at the center is less severe than the one in the
Reissner–Weyl–Nordstro¨m solution. In our setting, by Proposition 3.5,
lim
r↓0
m′(r) =
Jζ |Q|√
2c2
6= 0, lim
r↓0
m′′(r) = 0,
which implies that (the absolute value of) m0 can be recovered by the limit
|m0| = c
2
√
48G
lim
r↓0
r3
√
K(r). (4.6)
4.2.2. Weyl curvature invariant. The first Weyl invariant I is the principal invariant of the Weyl
tensor C,
I := CµνCµν .
Since C is the traceless part of the Riemann tensor, the invariant I can be represented in terms
of the Kretschmann scalar, the Ricci curvature and the the scalar curvature (see, e.g., [8]):
I = K − 2RµνRµν + 1
3
R2.
In view of the spherically symmetric static metric g having the form (2.20), we obtain
I = 4G
2
3c4r6
(
6m− 4rm′ + r2m′′)2 , (4.7)
so that the bare rest mass can be recovered via
|m0| =
√
3c2
2G
lim
r↓0
r3
√
I(r). (4.8)
Even though this only provides us with an absolute value, we already know that the bare rest
mass must be nonpositive, otherwise the spacetime will have a horizon at a positive value of r,
and therefore taking the limit r ↓ 0 does not make much sense. We have thus shown
Proposition 4.1. The bare rest mass m0 in the electrostatic case can be recovered through the
limiting behavior of the Kretschmann scalar K and principal invariant I of the Weyl curvature.
More precisely,
|m0| = c
2
√
48G
lim
r↓0
r3
√
K(r) =
√
3c2
2G
lim
r↓0
r3
√
I(r). (4.9)
4.3. The second Bianchi identity revisited. In Example 2.7 we have seen that the RWN
metric does not satisfy the weak second Bianchi identity at the singularity. With the results ob-
tained in Section 3 we can show that this identity holds true for spherically symmetric electrostatic
spacetimes where the reduced Hamiltonian ζ satisfies the following
Definition 4.2. Let ζ : R+0 → R be a function that satisfies
(R1) limµ→0
ζ(µ)
µ
= 1.
(R2) ζ′(µ) > 0 and ζ(µ) − µζ′(µ) ≥ 0 for all µ > 0.
(R3) ζ′(µ) + 2µζ′′(µ) ≥ 0 for all µ > 0.
(R4) Iζ = 2
− 11
4
∫∞
0 y
− 7
4 ζ(y)dy <∞.
(R5) There exist constants Jζ ,Kζ , Lζ > 0 such that
Jζ
√
µ−Kζ ≤ ζ(µ) ≤ Jζ√µ, and Jζ√µ− 2Lζ ≤ 2ζ′(µ)µ ≤ Jζ√µ.
We will call such a function ζ an admissible reduced Hamiltonian.
Theorem 4.3. Suppose (M,g,F) is a electrostatic spherically symmetric spacetime considered
in Section 3. Then the Bianchi identity holds weakly everywhere.
Proof. By Proposition 3.5, in particular (3.16), m′(r) = Jζ |Q|√
2c2
+O1(r
2) as r ↓ 0. Hence the second
Bianchi identity is satisfied weakly also at the singularity due to Corollary 2.4. 
Remark 4.4. Note that even though the value of m0 is not relevant for whether the Bianchi identity
holds or does not hold weakly, its sign does matter, since we use the radial variable r all the way
down to r = 0, which is not possible in the presence of a horizon.
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5. Summary and Outlook
In this paper we have considered the following question: under what conditions on a Lorentzian
metric g is the twice-contracted second Bianchi identity satisfied in a weak sense in a neighborhood
of any point in the continuous extension of a spacetime M with the metric g. We were able
to answer this question in case M is both static and spherically symmetric, finding sufficient
conditions on the metric that, if satisfied, guarantee that the weak second Bianchi identity holds
everywhere, in particular at the location of a timelike singularity into which the metric can be
continuously extended.
The main application of this result is to electrovacuum spacetimes with timelike singularities.
We have shown that the Einstein–Maxwell equations, complemented with a nonlinear vacuum law
which satisfies certain conditions, have spherically symmetric, static solutions describing the elec-
trostatic spacetime of a point charge with weakly satisfied twice-contracted second Bianchi identity.
We also found that this Bianchi identity is not weakly satisfied by the Reissner–Weyl–Nordstro¨m
(RWN) solution, which is obtained when complementing the Einstein–Maxwell equations with
the standard linear vacuum law of Maxwell. The favorable electrostatic spacetimes turn out to
be less singular than RWN, a fact that is evident from the blow-up behavior of their curvature
invariants. In our setting, for example, the Kretschmann scalar of an electrostatic spacetime with
weakly satisfied twice-contracted second Bianchi identity blows up at most like r−6 as r ↓ 0, while
it blows up as r−8 in the RWN solution. In the case of a vanishing bare rest mass, i.e. m0 = 0,
the blow-up rate is only r−4 as r ↓ 0, leading to the mildest possible (a conical) singularity.
The conditions we derived in Theorem 2.1 and several Corollaries can be applied more generally,
to static spherically symmetric Lorentzian manifolds with a singularity in the center. In particular,
we show that the singular solutions that occur in the context of perfect fluids, also satisfy the weak
Bianchi identity.
We expect that these results can be extended to non-static, non-symmetric spacetimes with
finitely many timelike singularities, which appear as points as well as ring singularities in the
spacelike leaves of any foliation of the spacetime into “evolving spaces.” In particular, we expect
that the less severe blow-up behavior implied by weak Bianchi may enable the formulation of
a well-posed dynamical theory for the timelike singularities and the electromagnetic spacetime
structures around them. Due to the occurrence of off-diagonal components in the Einstein tensor,
it is reasonable to expect that more restrictions on the metric may be required in order to obtain
a result analogous to Theorem 2.1.
Appendix A. Divergence theorem for Lorentzian manifolds
Let M be an orientable manifold with Lorentzian metric g, ∇ the corresponding Levi-Civita
connection and X a vector field on M. For a subset Ω ⊆M, we want to compute∫
Ω
(divX)ω,
in terms of a boundary integral over ∂Ω, where ω = d volg =
√
| detg|dx0 ∧ dy1 ∧ . . . ∧ dyn is the
volume form ofM and divX = ∇µXµ We can replace the divergence in the integrand by the Lie
derivative (see, e.g., [23, Lemma 7.21]) and apply the Cartan formula to obtain
(divX)ω = (∇µXµ)ω = LXω = d(iXω),
since dω = 0. Here, iX : Ω
n+1(M) → Ωn(M) denotes the contraction operator defined by
(iXω)(Y1, . . . , Yn) = ω(X,Y1, . . . , Yn). Stokes’ Theorem implies that∫
Ω
(divX)ω =
∫
∂Ω
iXω,
where ∂Ω is considered with the orientation induced by Ω. It remains to rewrite the right hand
side in terms of normal vectors to ∂Ω, which is more subtle than in the Riemannian case. If N
is a normal vector on ∂Ω and {E1, . . . En} is an orthonormal frame on ∂Ω, then {N,E1, . . . , En}
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is an orthonormal frame on Ω. We also split up X in normal and tangential components, i.e.,
X = X⊥ +X⊤ = X0N +X iEi. Then
iXω = iX⊥+X⊤ω = iX⊥ω + iX⊤ω, (A.1)
where
iX⊤ω(E1, . . . , En) = X
iω(Ei, E1, . . . , En) = 0,
and hence
iXω|∂Ω = iX⊥ω = X0iNω.
Note that X⊥ = X0N = ±g(X,N)N , where the sign depends on the causal character of N . If N
is timelike (and ∂Ω spacelike), then
g(X,N) = g(X⊥, N) = X0g(N,N) = −X0,
and if N is spacelike (and ∂Ω timelike), then
g(X,N) = g(X⊥, N) = X0g(N,N) = X0.
However, in order to preserve the induced orientation on ∂Ω and also have
iX⊥ω = g(X,N)iNω
we need to choose N inward pointing where it is timelike on ∂Ω (and outward pointing where
it is spacelike on ∂Ω). With such a choice of unit normal vectors N to ∂Ω we indeed obtain a
divergence formula of the form∫
Ω
(divX) d volg =
∫
∂Ω
g(X,N)dSg,
where dSg denotes the surface element of ∂Ω induced by the volume element of g.
20 A.Y. BURTSCHER, M. KIESSLING, AND A.S. TAHVILDAR-ZADEH
References
[1] L. Andersson and A. Y. Burtscher, On the asymptotic behavior of static perfect fluids, Ann. Henri Poincare´,
DOI 10.1007/s00023-018-00758-z. in print.
[2] M. K. Balasubramanian, Scalar fields and spin-half fields on mildly singular spacetimes, 2015. Thesis (Ph.D.)–
Rutgers, The State University of New Jersey.
[3] L. Blanchet, Gravitational radiation from post-Newtonian sources and inspiralling compact binaries, Living
Rev. Relativity 17 (2014).
[4] M. Born, Modified Field Equations with a Finite Radius of the Electron, Nature 132 (1933), 282.
[5] M. Born and L. Infeld, Foundations of the New Field Theory, Nature 132 (1933), 1004.
[6] A. Y. Burtscher and P. G. LeFloch, The formation of trapped surfaces in spherically-symmetric Einstein-Euler
spacetimes with bounded variation, J. Math. Pures Appl. (9) 102 (2014), no. 6, 1164–1217.
[7] S. Chandrasekhar, A limiting case of relativistic equilibrium, General relativity (papers in honour of J. L.
Synge), Clarendon Press, Oxford, 1972, pp. 185–199.
[8] C. Cherubini, D. Bini, S. Capozziello, and R. Ruffini, Second order scalar invariants of the Riemann tensor:
applications to black hole spacetimes, International Journal of Modern Physics D 11 (2002), no. 06, 827–841.
[9] D. Christodoulou, The action principle and partial differential equations, Annals of Mathematics Studies,
vol. 146, Princeton University Press, Princeton, NJ, 2000.
[10] J. Eiesland, The group of motions of an Einstein space, Bull. Amer. Math. Soc. 27 (1921), no. 9, paragraph
on p. 410.
[11] , The group of motions of an Einstein space, Trans. Amer. Math. Soc. 27 (1925), no. 2, 213–245.
[12] A. Einstein, L. Infeld, and B. Hoffmann, The gravitational equations and the problem of motion, Ann. of
Math. (2) 39 ( 1938), no. 1, 65–100.
[13] A. Einstein and L. Infeld, The gravitational equations and the problem of motion. II, Ann. of Math. (2) 41
(1940), no. 2, 455–464.
[14] R. Geroch and J. Traschen, Strings and other distributional sources in general relativity, Phys. Rev. D 36
(1987), 1017ff.
[15] B. Hoffmann, On the new field theory, Proc. R. Soc. Lond. A 148 (1935), 353–364.
[16] T. Jacobson, When is gttgrr = −1?, Class. Quant. Grav. 24 (2007), 5717–5719.
[17] M. K.-H. Kiessling, Electromagnetic field theory without divergence problems. I. The Born legacy, J. Statist.
Phys. 116 (2004), no. 1-4, 1057–1122.
[18] , Electromagnetic field theory without divergence problems. II. A least invasively quantized theory, J.
Statist. Phys. 116 (2004), no. 1-4, 1123–1159.
[19] , On the forces which act on a point charge source of the classical electromagnetic field, in preparation
(2018).
[20] M. K.-H. Kiessling and A. S. Tahvildar-Zadeh, Bopp-Lande´-Thomas-Podolsky electrodynamics as initial value
problem, in preparation (2018).
[21] A. Lichnerowicz, Propagateurs et commutateurs en relativite´ ge´ne´rale, Inst. Hautes E´tudes Sci. Publ. Math.
10 (1961), 56 (French).
[22] , Ondes de choc et hypothe`ses de compressibilite´ en magne´tohydrodynamique relativiste, Commun.
Math. Phys. 12 (1969), 145–174 (French).
[23] B. O’Neill, Semi-Riemannian geometry. With applications to relativity, Pure and Applied Mathematics,
vol. 103, Academic Press, Inc., New York, 1983.
[24] E. Poisson, A. Pound, and I. Vega, The motion of point particles in curved spacetime, Living Rev. Rel. 14
(2011), no. 7.
[25] A. S. Tahvildar-Zadeh, On the static spacetime of a single point charge, Rev. Math. Phys. 23 (2011), no. 3,
309–346.
[26] A. H. Taub, Space-times with distribution-valued curvature tensors, J. Math. Phys. 21 (1980), no. 6, 1423–1431.
[27] P. R. Wallace, Relativistic equations of motion in electromagnetic theory, American Journal of Mathematics
63 (1941), no. 4, 729–740.
[28] H. Weyl, Feld und Materie, Ann. Phys. 370 (1921), 541–563.
Department of Mathematics, Radboud University, PO Box 9010, Postvak 59, 6500 GL Nijmegen, The
Netherlands
E-mail address: burtscher@math.ru.nl
Department of Mathematics, Rutgers, The State University of New Jersey, 110 Frelinghuysen Rd.,
Piscataway, NJ 08854-8019, United States of America
E-mail address: miki@math.rutgers.edu
E-mail address: shadi@math.rutgers.edu
